Abstract-The ever increasing demand of communication makes the spectrum more crowded, and thus the Cognitive Radio (CR) emerged as a potential effective scheme to increase the utilization of spectrum. Sub-Nyquist sampling based CR can greatly reduce the sampling rate than those Nyquist sampling based schemes for wideband spectrum sensing. But existing single node sub-Nyquist sampling schmes seldom use spatial diversity and show poor recovery and detection performance in low Signal to Noise Ratio (SNR) condition. NYquist Folding Receiver (NYFR) as one of effective subNyquist sampling schemes exhibits a lower system working frequency than most other schemes, but it is greatly effectted by noise. In this paper, we first investigate the property that the Additive White Gaussian Noise (AWGN) after sub-Nyquist sampling by NYFR is still the AWGN, then, we propose a Multiple Input NYquist Folding Receiver (MI-NYFR) scheme by using the noise white-keeping property and spatial diversity. The proposed scheme is tested respectively in denoising and detection respects in AWGN channel. Simulation results show that the proposed MI-NYFR exhibits good noise robustness and high detection probability very well in low SNR condition.
I. INTRODUCTION
Cognitive radio has been attracted huge research interests in order to increase the utilization of the underutilized spectrum [1] , [2] . A key challenge in wideband spectrum sensing is the extremely requirements for sampling device [3] , one requirement is the high sampling rate that must satisfy Nyquist sampling theorem, another is low power cost for energy restricted CRs. Unfortunately, obstacles are both existed. To mitigate the gaps, different kind of methods have been proposed and can be categorized into two groups by sampling rate, i.e., Nyquist sampling and sub-Nyquist sampling schemes.
In Nyquist sampling group, sequential scanning [4] and filter bank [5] schemes were proposed, tunable bandpass filter and a series of filters are equipped respectively, both working on Nyquist sampling rate within a bandpass filter. Long sensing period to the former and high implementation complexity to the latter, these two schemes can be recognized as serial and parallel method respectively. In subNyquist sampling group, several schemes mainly including Modulated Wideband Converter (MWC) [6] , Random Demodulator (RD) [7] , Multi-Coset Sampling (MCS) [8] and NYquist Folding Receiver (NYFR) [9] were proposed in the benefit of compressed sensing theory. By exploiting signal sparse property, all schemes can achieve reliable signal recovery performance with high SNR by solving a convex problem through their sub-Nyquist samples. Both RD and MWC need no less than Nyquist rate mixing clock, which increase the overall working frequency of the system, while, MCS does not contain a Nyquist rate mixing clock, but, it requires high rate synchronous clocks for different channels. NYFR also involves with a low rate mixing clock, but it folds all sensing bands noise into lowpass filter and will greatly degrade the sensing performance.
The signal that received by CRs usually show low SNR property due to the fading effects [10] . Thus, for a single CR node equipped by one of the sub-Nyquist sampling schemes mentioned above will face degraded detection performance, as a result, primary users could be caused with serious interference due to miss detection. To enhance the robustness to noise uncertainty, spatial diversity can be exploited, an efficient strategy is cooperative spectrum sensing [11] - [13] , which combines different CRs' measurements or sensing results. The main drawbacks are the overhead traffic it may cause and asynchronous problem. Another promising strategy is the multiple-input system [14] - [16] with multiple wideband antennas.
In this paper, we propose a new structure based on NYFR with flexible wideband antenna number, which we call it Multiple-Input NYquist Folding Receiver. Due to low rate of mixing clock and using of spatial diversity, the proposed scheme has better detection performance against noise uncertainty and low system working frequency compared to those sub-Nyquist sampling schemes mentioned above.
The remainder of this paper is organized as follows: Traditional NYFR architecture is first introduced in Section II. In section III, noise property analysis after sub-sampling by NYFR is given. The proposed MI-NYFR is described in Section IV. In Section V, simulation results on denoising and detection performance are presented. Finally, conclusions are made in Section VI. The Nyquist folding receiver was proposed with an attractive advantage for a wide range of spectrum sensing. It mainly contains a wideband antenna, a clock mixing component, a lowpass filter (LPF) and a low-rate ADC as shown in Fig. 1 . It looks like many other existing architectures, like MWC and RD, but the quite different part is the mixing clock , that most existing schemes like MWC and RD adopt a pseudo random sequence with toggle frequency working above the Nyquist rate. While NYFR adopts non-uniform sampling as the mixing clock, the frequency of the non-uniform sampling clock ranges in , is a foundational sampling rate and is induced by a narrow band clock modulation . The sampling moments of are determined by . Thus the NYFR non-uniform sampling clock can be denoted as
Under the above non-uniform sampling clock, the LPF outputs a sum of folded spectrum coming from all divided frequency zones that contain primary user signals, the output can be represented as [9] (2) where denotes the LPF bandwidth, and represents the Fourier transform. poses a unique signature for each spectrum in different zones, the original wideband signal spectrum can be discriminated by the combination , where is the intermediate frequency after spectrum folding and represents the induced bandwidth related to frequency zone. A summary of important parameters is in Table I , where the sampling rate is usually set the same as the bandwidth of LPF, i.e.,
. A remarkable notice is that the signal spectrum is only signed by and no induced bandwidth available in uniform sub-Nyquist sampling, therefore, the original spectrum cannot be recognized only by in uniform sub-Nyquist sampling, this is the reason that NYFR a non-uniform sub-Nyquist sampling can guarantee the recovery and uniform sub-Nyquist sampling cannot.
III. NOISE ANALYSIS AFTER SUB-NYQUIST SAMPLING BY NYFR
Consider a real signal corrupted with the AWGN to be the NYFR receiving signal, i.e., . This part we give an analysis of the AWGN after sub-Nyquist sampling by NYFR.
In order to be convenient for analysis, the relationship between NYFR input and output can be considered as in a discrete compressed sensing form [17] , i.e., where and are respectively the discrete version of and in Nyquist sampling rate, and are the AWGN induced before and after sub-Nyquist sampling, and the noise are further assumed as and , represents the sensing matrix of NYFR. We assume that the non-uniform sampling moments lie on the Nyquist sampling grid and the sampling rate of low-rate ADC is the same as the foundational frequency of the nonuniform sampling clock, i.e., . is full row rank and is revealed in Fig. 2 after the above settings.
The whole noise after sub-Nyquist sampling can be denoted by . Check the noise covariance matrix , it is still the AWGN when [18] . We first provide a theorem and subsequently verify this condition for NYFR sensing matrix.
Theorem. For a matrix , the null space and rank of it satisfy and . The theorem is a common conclusion in linear algebra. For the real sensing matrix of NYFR, we now verify . From Fig. 2 , it can be clearly seen that each column of is orthogonal to others, and meanwhile is stacked to be a full row rank matrix, therefore, . From the above given Theorem, we can furthermore obtain . Besides, we call the column containing the number one (shadow blocks in Fig. 2 ) the "active" basis and denote it by , where denotes the index set of "active" basis and is the number of "active" basis. For "active" basis, there holds , and , where denotes the diagonal matrix. Hence, it can be verified that . Corollary. For some receiving signal corrupted with the AWGN, if NYFR is applied as the sub-Nyquist sampling scheme, then the primary user signals contained in the receiving signal are folded according to the rule as expressed by , and the wideband noise after sub-Nyquist sampling by NYFR still keeps the additive white property, i.e., the output noise is still the AWGN. Since noise entering the RF sampler folds along with signals, doubling the number of folds (or doubling the compression ratio) increases the folded noise entering the ADC by [9] . There must be a tradeoff between folded noise and system performance for NYFR. This tradeoff limits NYFR working on a higher compression ratio and larger spectrum sensing range. In order to enhance the robustness to noise, and thus increase system performance (e.g. higher compression radio, larger spectrum sensing range, etc.), we propose a new Multiple-Input Nyquist Folding Receiver architecture, as shown in Fig. 3 . The architecture equips multiple antennas and branches of RF devices for the sake of exploring spatial diversity. We assume all receiving signals by antennas share a common signal spectrum support, and the channel is the AWGN, the difference is only caused by induced noise. Hence, the receiving signal of the th branch can be denoted as . The non-uniform sampling clocks for all branches are set to be the same clock , i.e., , where is generated the same as NYFR. Moreover, all LPFs and low-rate ADCs are set to have unified parameters, which means that a unified bandwidth for LPFs and a unified sampling rate for low-rate ADCs.
Each branch outputs a discrete sequence of sub-Nyquist samples, which consist of signal and noise. For each branch, the noise has been verified to be the AWGN above in section 3. To enhance the robustness to noise, we utilize sub-Nyquist samples to form a data matrix and apply a singular value decomposition (SVD) for it to get a low rank approximation to the data matrix in the Digital Signal Processing stage. Since the uniform energy distribution property of noise, the singular values of the AWGN display a similar uniform distribution, thus it could be possible to distinguish signal itself from the AWGN via their singular values. The reason for MI-NYFR requiring consistent parameters is that SVD needs similar sub-Nyquist samples produced by all branches. . With the AWGN corrupted in signal, the next step is to find largest singular values to obtain the signal space and the remaining values for noise space, the signal can therefore be represented by a low rank approximation to and the concrete form can be expressed as (5) and are the sub-matrices respectively constructed by the first columns of and , is matrix with the largest singular values as its main diagonal elements. From the assumption we made above, all branches' subNyquist samples share a common signal part and are only different in the AWGN part, which makes a rank-1 matrix. It only needs to choose the first largest singular value for our method instead of any other complicated singular value selection strategies.
After data denoising, the recovery can be expressed as a Multiple Measurement Vector (MMV) model, i.e., (6) where , and are respectively the discrete Fourier matrix and spectrum matrix. Signal recovery via Simultaneous Orthogonal Matching Pursuit (S-OMP) [19] is performed to get the wideband spectrum and the spectrum support set, In order to reduce the recovery computational complexity, can be reduced to a vector by taking a mean result of all antennas, i.e.,
, and the recovery result is also in a vector form, which can be denoted as . After the spectrum recovery, we perform an energy detection to determine if a primary user signal exists or not. Compare the energy in a frequency bin to a predefined threshold , the signal exists when the energy is greater than and noise only otherwise, which can be expressed as
The whole process of MI-NYFR is summarized in Algorithm. The time computational complexity mainly consists of for SVD and for S-OMP, where denotes the sparsity level.
Algorithm
Multiple-Input Nyquist Folding Receiver Wideband Spectrum Sensing Algorithm Initialization:
1. Collect all sub-Nyquist samples from all branches, and gather to form matrix .
Denoising:
2. Perform singular value decomposition for the sub-Nyquist sample matrix to get left and right unitary matrix and , and the singular values . 3. Select the largest singular values and the corresponding columns of to get the denoised sub-Nyquist sample matrix . 4. Perform column average for to get the denoised subNyquist samples , i.e., .
Reconstruction:
5. Perform signal recovery via S-OMP to get the wideband spectrum vector .
Decision:
6. Perform energy detection to determine whether a primary user signal exists or not.
V. SIMULATION RESULTS
We perform our simulation mainly on two aspects, one is denoising performance, and another one is detection performance.
In term of denoising performance, we first define SNR as the ratio between the power of the wideband signal and that of the wideband noise, i.e., (8) where denotes the clean sub-Nyquist samples and denotes the denoised sub-Nyquist samples. Based on this criterion, we compare the proposed MI-NYFR architecture with old NYFR scheme. Here, we show the SNR augmentations by MI-NYFR respectively equipped with 4, 8, 16 and 32 antennas. The input SNRs are set in range of to as the x-axis shown in Fig. 4 . The output SNRs of MI-NYFRs are obtained by computing the ratio between the power of denoised sub-Nyquist samples and that of sub-Nyquist noise samples, and the ratio results are plotted as the y-axis of Fig. 4 . Each plotted point is an average result of 1000 times. Three primary users are set to be active in this simulation, the carrier frequencies are , and respectively. The Nyquist sampling frequency is set to be and the sub-Nyquist sampling frequencies for MI-NYFRs and NYFR are set to be , which is of the Nyquist rate. Under these settings, Fig. 4 shows that the proposed MI-NYFR achieves higher output SNR than NYFR and thus more robust again noise uncertainty. Moreover, under the above model assumptions, the more antennas equipped, the more robustness the system will be.
A more intuitive denoising effect is shown in Fig. 5 . We select a 32-antenna MI-NYFR compare to NYFR by timefrequency images of sub-Nyquist samples when input SNR is set as . The clean image without noise is displayed in (a) as reference, NYFR and MI-NYFR are respectively displayed in (b) and (c). It can be obviously seen that the time-frequency image of NYFR can hardly distinguish the signal from the noise while MI-NYFR can greatly remove noise and exhibits a very clean time-frequency image. In term of detection performance, we carry out wideband spectrum sensing by first recovering the Nyquist rate signal samples and than perform spectrum decision via energy detection. The active primary users are set as same as in denoising simulation, the Nyquist sampling frequency is still and the sub-Nyquist sampling rate is of the Nyquist rate, i.e.,
. The method that we obtain the detection probabilities is to compute the percentage of the successful recovery supports to the true occupied spectrum supports after setting a proper threshold in advance, suppose there is a true spectrum support set and the decision spectrum support set , denotes the set length---the number of elements in the set. The probability of detection in simulations is calculated by (9) We perform Monte Carlo simulations, each probability is a 1000-time average result. The detection probability curves changing with different SNRs are plotted in Fig. 6 . It can be seen from the figure that the detection probability curve of NYFR (red dash line) decays fast in low SNR condition (usually SNR below ), while MI-NYFRs (other color lines except the red one) show much better performance in low SNR condition. Furthermore, the more antennas MI-NYFR is equipped, the better detection performance it will be under the above model assumptions. In practice, MI-NYFR equipped with 4 to 16 antennas might be more attractive in order to balance detection performance and hardware complexity. 
VI. CONCLUSIONS
In this paper, we proposed a multiple input Nyquist folding receiver scheme to use the spatial diversity for wideband spectrum sensing at sub-Nyquist sampling rate in order to enhance the robustness to noise uncertainty. The proposed MI-NYFR scheme can be equipped with a flexible number of antennas, which makes the proposed scheme flexible for different SNR conditions and hardware complexity. The proposed scheme was tested both in denoising and detection aspects. From the simulation results, several conclusions can be made, (i) the proposed MI-NYFR scheme exhibits superior noise robustness to the AWGN both in denoising and detection aspects than old NYFR scheme, in other words, MI-NYFR can resist the shortcoming of NYFR to some extent when SNR is low; (ii) the proposed MI-NYFR scheme has different denoising and detection performance against the AWGN when it is equipped with different number of antennas, the more antennas, the better performance when in AWGN channel; (iii) MI-NYFR with 32 antennas can reach a detection probability above even when SNR is as low as . While in practice, MI-NYFR equipped with 4 to 16 antennas might be more attractive in order to balance the detection performance and hardware complexity.
